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TIME ZONES:
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TIME ZONES: NOT INCLUDED IN THIS PRESENTATION
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Motivation

Local time of a stochastic process:

X(7)
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Motivation

Local time of a stochastic process:
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Stochastic trajectory x(7) —  Local time profile L(x)
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Preliminaries: diffusion equation and path integral

Introduction of local time of a stochastic process
Correlation functions and functionals of the local time
Time-independent systems and the resolvent method

Local time of Lévy random walks (Lévy flights)

Local-time representation for Gaussian path integrals

In collaboration with Petr Jizba (Czech Technical University in Prague)
and Angel Alastuey (ENS Lyon).
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Diffusion equation and path integral

Diffusion (or heat, or Fokker-Planck) equation
[0: + H(—i0x, x, t)] P(x,t) =0 (1)
where H(p, x, t) is a generic Hamiltonian, and x € R. [A = 1]

Solution for initial condition P(x, t;) = d(x — x,) represented by
phase-space path integral

X(tp)=xp
(Xptp|xatas) = P(xp, tp) = /DX/ e”AlP~] (2)
x(ta)=xa
where the action
tp
Alpxl = [ dr[ip(r)x(r) = H(p(r).x(r). )] 3)
ts
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Diffusion equation and path integral

We will gradually specify the Hamiltonian:

H(p, x, t) — generic, possibly time-dependent

U
H(p, x) — time-independent
U
H(p) — time and position-independent
U

Hy(p) = Dx(p?)? — Lévy Hamiltonian

In the end, special attention to

H(p, x) = % + V/(x) — usual quantum Hamiltonian
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Diffusion equation and path integral

Significance of the heat equation:

o Diffusion processes (or continuous random walks)
— P(x, t) is the probability of transition to point x after time t

@ Quantum mechanics: by rotation to imaginary times t — it

— P are transition amplitudes
@ Quantum statistical physics: identifying t = Sh, where 3 = kBLT

— P are matrix elements of the equilibrium density matrix

In addition, corresponding path integrals describe:
@ Polymers or other line-like objects
@ Stock prices on financial markets

V. Zatloukal Local time path integrals 7 /33



Local time of a stochastic process

X(7)

L(x) O L(x) O Lx
) 0.5 .522.5() 1234567 )

dl

=21 2| 2} 2 =
L A=2 A=15 A=1

For stochastic trajectory x(7) define

Lix: ta. th, (7)) = /t dr 5(x — x(7)) (4)

P. Lévy, Sur certains processus stochastiques homogenes, Compos, Math, 7,283 (1939),
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Local time of a stochastic process

L is functional of x(7) and function of x:
@ L(x)>0
o [ L(x)dx =ty —t,
@ L(x) has compact support

@ L(x) is continuous

L(x) ... trajectories of a new stochastic process
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Correlation functions of local time

X(tb)—Xb

(L(x1) ... L(xn)) = / Dx / e P (xq) ... L(xn)

x(ta)=xa

— Z / .. dt, H( (k_|-1)tk—|—1|X0(k)tk) (5)

OESH t,ct;<.. <ty <ty

where o are permutations of indices {1,...,n}, with ¢(0) =0 and
o(n+ 1) = n+ 1, and we have denoted xp = x,, tg = ta, Xpr1 = Xp,
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Generic functionals of local time

L(x1)...L(xn) is an example of functional of the local time F[L(x)].

In general,

X(tb)_Xb D
FILe) = [ Dx [ 52 AP IFL)
x(ta)=xa
5 x(tp)=Xp o
_ P Aulp.x]
Fl- D v
el [P wmer,, o
x(ta)=xa
where Ay[p, x| corresponds to Hy(p, x,t) = H(p, x, t) + U(x).
We have employed the key identity
tp o0
/ U(x(7))dr = / U(x)L(x) dx (7)
tsy —00

V. Zatloukal Local time path integrals 11 /33



Time-independent systems and the resolvent method

Assume H(p, x) [independent of time t ]
= (Xptp|Xats) = (xp|le” (7 tIH |5 ) — take t, =0, t, = t from now on.

Laplace representation (F[L(x)])e = [, dt e ™ (F[L(x)])
Correlation functions:
(L) LOa)e = 3 TT RCoe)s %otesny: ~E) (5)
oeSy k=0

[e.g. (L(x))e = R(xa3,x)R(x, xp) ]

Here
R(x,x', —E) = <x'\(/fl + E)71x) (9)

denotes matrix elements of the resolvent operator R(E) = (H — E)~1.

V. Zatloukal Local time path integrals 12 / 33



Time-independent systems and the resolvent method

Generic functionals:

<F[L(X)]>E = F [_5U5(X)] Ru(Xa,Xb,—E)

U=0
where Ry(E) = (Hy — E)~1 is the resolvent corresponding to the
extended Hamiltonian Hy = H + U.

One-point distribution: take U(x') = ud(x’ — x) — 5U5(X) — %

R(xa, x)R(x, xp)
1 4+ uR(x, x)

= Ruy(xa, xp) = R(Xa,xp) — u

(O(L = L(x)))g = 6(L) R(ngﬁf));’ %b) o~ i

R(xa, x)R(x, xp)
R(x, x)

+ (L) | R(xa, xp) —
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* Multipoint resolvents

Resolvent identity

(Hy+E)Y *=(H+E)t = (Hy+ E)Y *URX)(H+ E)~!

for

reads

Setting x, = x

U() = 3 dlx = x)

n

RU(Xa,Xb) — R(Xa,Xb) - Z ujR(Xaaxj)RU(XbXb)
Jj=1

for k=1,...,n,

RU(X_j)Xb) — Z szlR(Xkaxb)
k=1

where /\/IJ;1 are elements of the inverse of the matrix

V. Zatloukal
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Distribution functions and moments of local time

Invert the Laplace transform to return to the time domain: (...)g — (...)

Moments of local time:

- ({L(x1) .- L(xn))
pu(xt, ..., xp) = 1 (18)

n-point distribution functions of local time:

_ T = L))
(1)

W(Li,...,Ln; x1,...,Xp) (19)

The normalization factor (1) equals (xptp|x,t,) for averaging over paths
with fixed initial point x,; and final point xp.

Averaging over paths with arbitrary x,: (...)* = [T dxp (...)
— (1), WH, ..
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Lévy random walks

Hamiltonians H(p) only dependent on momentum form now on:

P(x,t) = (xpt]|x50) = /OO @e

—tH(p)eipX
oo 2T

, X = Xp — Xa (20)

For the Lévy Hamiltonian Hy(p) = Dy(p?)*? [we consider A € [1,2]]

— symmetric Lévy stable distribution
| x| =00

Heavy tails for A < 2: Py(x,t) '~ ‘Xl‘:ﬁ

For A = 2 Gaussian:

%2

e_ 4D21.'

VaAr Dot
For A = 1 Cauchy(-Lorentz):

P)\ZQ(X, t) —

1 Dit
7 (D1t)? + x?
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Lévy stable distributions

Stability: Xy ~ Levy , Xo~Levy = Xi+ Xo~ Levy

Characteristic function:

{tan()m/2) A#1
—(2/m)log|p| A=1

A .. .tail power (~ |[x|717?), c...width, .. .shift of origin, 3...asymmetry

exp [ipu —[ep|* (1 - iﬁsgn(p)¢)} , b=

Generalized central limit theorem:

i.d. Xi,...,X, ~ Cdistribution with possibly infinite variance”
jim 2LF ot X Lev
oo N Y

Applications in financial markets (fluctuation of stock prices),
physics (e.g. Francois Bardou et al., Lévy Statistics and Laser Cooling: How Rare
Events Bring Atoms to Rest, CUP (2002)., ...), ...
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Lévy random walks

X(7)

L(x) Og§ux> 07 1 2 3‘45‘5§L(X)

_2; 2
’ A=1.5 ' A=1
=
For decreasing A:
Longer jumps (Lévy flights) Separation of local time L(x) into peaks
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Resolvent of Lévy Hamiltonian

00 ip(x'—x)
R)\(vala _E) — / dp - (21)

Coo 2T Dy(p2)M2 + E

... Linnik (or geometric stable) distribution

For A = 2 “Gaussian” resolvent:

o~ VE/Dalx]
VAD,E

For A =1 “Cauchy” resolvent:

RQ(X, —E) —

—1 | . El|x| .E|x]|
Ri(x,—E) =——
1(x, —E) D [sm D; si D;

E|x| ,E\X|] a
ci

<+ cos ) )

divergent for A\=1at x =0
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One-point distributions of local time at the origin

1) x5 = %50 (J(L—L(x)))p = € B0 =exp |- LE* % |, 0y = ADY sin ]

<5(L _<1L>(Xa))> (22)

M Dt 1/A 00
= (Dxt) / dE e~ Ft exp [LEl_%@\ COS ;} sin [LEl_%aA Sin z}
0

Wi (L; xa) =

1
r(x) A
Gaussian case: "
r —  A=2
2D L 1.05
Wi_o(L; x,) = === e~ D2L%/t i s
t | - A=101
For A = 1 (Cauchy case): oal S
I N
singularity R)(0) = +o0 02ll/ .
; ~_
— flattening of the distribution S 43?; ——
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One-point distributions of local time at the origin

2) free xp: (6(L — L(xa))) = E/rei(o)“’_W = Fox exp [_UALEl_%}

(S(L— L(xz)))"

Wy (L; xa) = (1)* (23)
i OOdE e e [LEl_% cos W} in [LEl_% sin — + W}
= X % — | si oy Sin — + —
x )y OC AP A MU T
— A=2
Gaussian case: L aets

4D
Wi—o(Li xa) = 4/ 77—1:2 e~ DL/t
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* One-point distribution of Brownian local time

Gaussian case A = 2 (Brownian motion): generic x; and x

- — x| + 2D, L
Wo(L; x) = (L)X =X X = x| 2D

t
_ _ 2 . 27
X exp | (|xa — x| + |x = xp| +2DoL)* — (xp — Xa)
4Dt |
L L 2 o 27
+ 5(L) 1 — exp _(|Xa X| + |X Xb‘) (Xb Xa) (24)
4Dt |

Wi (L: x) = H(L)\@exp [_(|Xa _Z|Dtt2D2L)2] +5(L) e [\%] (25)

The o-term vanishes for x between x, and xp.
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First moments of local time

[xp = Xa] [free xp ]

ITHE)
[

151 N
|
I —~ =15
I

1.0,~ - A=1
I

3
(xp—xa)? (xg—x)?
mt el |xa — x| + |x — xp| t - |xa — x| |xa — x|
_ 4Dyt a * — 4Dyt _ f

pPrx—o(x) =,/ — e 2 erfc Py—n(x) = e erfc

A=2(x) 4D, [ /4Dyt A=2 7Dy 2D, /4Dst
_ D
Ha=1(09) = ZWD%t[(le)2+1Xa+Xb*2X)2:| {2(X — ) [(Dlt)2 (x = xa)? = (6 — X)z] arctan X*lia . ( ) 1 | . ( Dl t ) 2
My _1(X) = n +
+2(xp — x) [(le)2 + 05— x)? = (x — Xa)z] arctan Xfl_tx A=l 2w Dy X — Xz

(x—xa)?(xp—x)?
+Dqt [(Dlt)2 4+ (x = x2)% 4+ (xp — x)Z] In [(Dlt)2+(x7xa)a2] [(glt)zﬁ»(xbfx)z)] }
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* Second moments of Brownian local time

1) fixed x5

_t &t — (xp — Xa)2 VT €12 E12 (xp — xa)2
Mz(x1,X2) = 2—D2 {exp [— 4Dt — \/merfc {\/ﬁ] exp [ 4Dyt ]}

+ (&12 <> &21)

where {12 = |xo — x1| + |x1 — x| + [x2 — x5| &1 = [xa — x| + [x2 — x| + [x1 — Xxp]

2) free xp

i 1 VEED (&)’ [ (£12)° 3T ) )
,LLQ(Xl,Xz) = 4—D2 {——,T‘_—Dz eXp {—m] + _ 2D, + t_ erfc |: ,—4D2t] } + (512 A 521)

where & = [xa — x|+ |x1 — x| . &1 =[x — x| + |x — x1]
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Path integrals in quantum statistical physics

From now on ,

H(p.x) = 50 + V(x) (26)

Motivation in quantum statistical physics:

@ Gibbs operator: e—hH A
— partition function: Tr(e ") | B=1/kgT
— thermal density matrix: e "/ Tr(e=PH)

p(Xa,Xb, ﬁ) = <Xb‘e_5H‘Xa>

@ p... Heat kernel for diffusion generated by H, with time variable £:

105 + H(—ihdx, x)| p(xa, x, 8) = 0 (27)
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Path integrals in quantum statistical physics

1) Feynman path-integral representation
x(Bh)=xp IR
p(Xa, xp, B) = / Dx(7) exp {_h/O dr [25(2(7') + V(X(T))] } (28)
x(0)=x,
For 5 — 0... high temperatures:
o~ BV (x)
 /2nBR2 /M

P. Jizba and V. Zatloukal, Path-integral approach to the Wigner-Kirkwood expansion,
Phys. Rev. E 89, 012135 (2014)

V(x(T)) = V(xa) + V() (x(T) = xa) + ... = p

2) Spectral representation

p(Xas Xp, B) = Z e_BE"@D:(Xa)wn(Xb) where I'A”wn> = Epl¢n)  (29)

For B — oo... low temperatures: p ~ e PEes 2s(Xa)Vgs(Xp)
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Local-time path integral

3) Local-time representation? — path integral over local time profiles

Bh
L(x) = / d1o(x — x(7)) (30)
0
— X X
X
> L X+dX
AN AW D
T —s=1/Bh \ X
e small X5 \J\ AN / —
e large \W 7/
| s >
0 1 L(x)
27 / 33
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Local-time path integral

x(Bh)=xp Bh
o(50, x5, ) = / DX(T)exp{—;l_l /0 gﬁ(f)df—% /R V(X)L(X)dX}

x(0)=x,

|

change of variables: x(7) — L(x)

)
s 8) = [ DLOOWILR): sl p { = [ LV |

where L(x) > 0 and W[L(x)] =0 if [, L(x)dx # Sh
— identify the weights W[L(x)]
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Local-time path integral: glimpses of the derivation

@ Diffusion equation in Laplace picture:
|E + H(—ihdyx, x)| p(xa, x, E) = 6(x5 — X)

@ Quantum-field-theoretic representation: ) )
p(Xa, Xp, E) = 2fDw(X)w(Xa)w(Xb)e_<w|E+H|w>/f’l)w(x)e_<¢|E+H|w>

@ Replica trick: a/b = limp_,g abP~1

p=limp_so [ DPw(x)in(xa)¥s (x6) exp { = 20y (| E + Alu) |

- =

@ Spherical coordinates in -space: radial part n =1/ -

@ Inverse Laplace transform =- Local-time representation of p(xa, Xp, 3)
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Local-time path integral

_8A . . 2 1-D
p0xa; x5, ) = (ole™ ) = lim  lim =5 lim (1)

n(Xy)=n+ X5
X / Dn(x)d ( / n*(x)dx — 6) 1n(xa)n(xp) exp {—Aaln(x)]}

(X-)=n- X_
r) A

where ﬁt
n(x) >0 n-Qi \; s&m

| I

[ |
n?(x) < L(x)/h “—x ., M X, —>

A = (DI2-1)?-1/4 A=-1/4 A = (DI2-1)*-1/4

The action of a radial harmonic oscillator («++ Bessel process indexed by x)

h? M A(x) } (31)

X+
At = [ de | G (02 + VR + 1350
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Local-time path integral at low temperatures

Rescaling n — +/Bn:

M A(x)
h? 23%n%(x)

X, 2
AslVBn() =5 [ o [an'(x)z V)P +

B — o0:
Saddle-point approximation of the path integral (— neglect the last term)

< Minimization of the functional:

/ o [27477’(@2 t V(X)ﬁz(X)] = (n|H|n)

under the constraint (n|n) =1

= Rayleigh-Ritz variational principle for the ground state
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Generic functionals of the local time

Average value of generic functional F[L(x)]:

[ orrtcores{ -3 [ "o [ty o]

(0)=x,
2

1—D
= |im Im — |Iim (n_ T2
X4+ —+o00 D—0 D? ni—>0(77 77+)

n(Xy)=n+ Xy
<[ DG (16 ( | - 6) 1% )1 ()~ A2 1109

(X=)=n-

V. Zatloukal Local time path integrals 32 / 33



@ We discussed local times of stochastic processes for generic
Hamiltonian

@ Calculated moments and distributions of local time
@ In particular, for Lévy random walks
@ For Gaussian path integrals derived local-time path-integral

representation
— X
L 0'%;75 L) 0f— L) / // “ §
e e
a4 . Xa A\ [

P. Jizba and VZ, Local-time representation of path integrals,
Phys. Rev. E 92, 062137 (2015) [arXiv:1506.00888].

VZ, Local time of Lévy random walks: a path integral approach, JarXiv:1702.02488].
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